In this work we introduce a semi-parametric Bayesian change-point model, defining its time dynamic as a latent Markov process based on the Dirichlet process. We treat the number of change point as a random variable and we estimate it during model fitting. Posterior inference is carried out using a Markov chain Monte Carlo algorithm based on a marginalized version of the proposed model.
Introduction
A change-point model is a mixture-type model used to infer changes in a time series subjected to random shifts in its characteristics/features. This means that the data can be broken down into segments and each segment follows a statistical model with different parameters. The time when a segment ends is called change point and the segment is often referred to as regime or state. The inference based on change-point models focuses on two major issues: i) the estimate of number and locations of the change-points; ii) the choice of the best statistical model for each segment.
The change-point literature, starting from [? ] and [? ] , is by now fairly extensive in both frequentist [? ? ] and Bayesian framework [? ? ? ] . In the former model estimation can be difficult since the likelihood function becomes rapidly intractable as the number of change points increases [for a discussion see ? ]. On the other hand, in the more recently developed Bayesian models, the estimation procedures, generally based on Markov chain Monte Carlo (MCMC) algorithms, is always feasible, raising attention to this modelling approach. Among the existing Bayesian models, the most commonly used is the one proposed by [? ] [see for example ? ? ? ? ].
In [? ] a time series is modelled introducing a latent realization of a discrete time series, that denotes the regime membership, with temporal evolution ruled by a first order Markov process. The change-point model is then obtained assuming a transition matrix constrained so that regimes are visited in a non-reversible sequence; the model can then be seen as a constrained hidden Markov model (HMM) [for an extensive introduction on the HMM, see ? ].
In [? ] , the Bayes factor is used to asses the number of segments through an off-line procedure. Informational criteria, such as the Bayes factor, AIC and BIC, has been criticized [? ] since they often suggest different models and it is not always clear which one is the most trustworthy. In a Bayesian setting, we can replace the information criteria with a fully probabilistic on-line model choice, that can be based on the reversible-jumps [? ] or Dirichlet process (DP) [? ] . The reversible-jump is a Markov chain Monte Carlo (MCMC) algorithm that simulates from posterior distributions defined on spaces of varying dimensions and it can be used to perform model choice. Its implementation requires a mapping function between model parameters that is not always straightforward to define and it has a great impact on the ability of the MCMC to explore the target distribution [? ] . On the other hand, the DP can be used as a prior for an infinite set of parameters, it allows to perform model choice in mixture-based models [? ] and, generally, it leads to MCMC algorithms straightforward to implement.
In this work we propose a semi-parametric extension of [? ] based on the DP, which address issue i) in a fully probabilistic setting, allowing an on-line model choice, while the second issue is left to future developments and considered out of the scope of this work.
Prior to this work, [? ] and [? ] dealt with [? ] extensions DP based. Both of them have flaws that make their use problematic. In [? ] , as also noted by [? ] , no temporal evolution in the latent allocation dynamic is considered, a regime can always be revisited and the model reduces to a mixture. In [? ] there is not a clear and rigorous formalization of the underlying DP, there are incorrect computations of some full conditionals and the proposed MCMC algorithm updates the latent allocations in a way that easily leads to the identification of the wrong number of regimes (more details on these issues are given in the Appendix). The model of [? ] is close to our proposal and then, together with the one of [? ] , are considered as our main competitor.
In this paper we explain how to use the DP to build a semi-parametric extension of [? ] , giving a rigorous formalization of the entire procedure. Semi-parametric HMMs based on the DP has been previously proposed, see for example by [? ] and [? ] , but here, due to the peculiar transition matrix, these approaches cannot be used. We propose to use the DP to obtain countably infinite distributions, each one with only two possible outcomes and where the probabilities of the outcomes are related to the stick-breaking weights [? ] . This approach allows us to treat the number of segments as random and to estimate it during model fitting. Our specification of the model induces issues in the regime labeling that are solved by using a collapsed Gibbs sampler [? ] that marginalizes over the DP weights; the sampling algorithm is partially based on an birth and death MCMC.
Our proposal is applied to simulated datasets and two real ones. The formers are used to show how the proposed MCMC algorithm is able to recover model parameters, number and positions of the change points. Our results are compared with the ones of [? ] and [? ] and we show that a great improvement in terms of change points identification is achieved. The models are then applied to one of the most used test-dataset in change-point studies, i.e. the coal-mining disasters data [see for example ? ? ]. The results we obtain are consistent with the one of [? ], but, under our model, we are able to give a measure of uncertainly on the number of latent change points. In the last example a time series of Italian indoor radon measurement [? ] is analyzed. Radon emissions are characterized by a nonstationary temporal pattern with periodic components [? ] at different time scales [? ] and changes in mean, variability and trend. Radon concentration is considered a possible earthquake precursor [? ] since have been observed that, prior to strong earthquakes, abrupt changes in the time series characteristics occur. The segmentation of radon data is a first step to try to understand its connection with geodynamic activity. To the best of our knowledge, in the literature have never been proposed a model-based method to segment a radon time series while, for example, wavelet transformation [? ] and testing procedures [? ] have been exploited. We show that our model identifies reasonable change points and with sojourn time in a regime of about a day, that was also observed in previous studies [see for example ? ], proving that change-point models can be used to infer changes in a radon time series.
The paper is organized as follows. In Section 2.1 we introduce the DP. In Section 2.2 we formalize the model of Chib and in Section 2.3 we show our proposal. The MCMC algorithm is shown in Section 3 while Section 4 contains the simulated and real data examples. The paper ends with a discussion in Section 5. In the Appendix we highlight what we believe are the problematic aspects and unclear points of the model and MCMC implementation proposed by [? ] .
The semi-parametric change-point model
Before the model specification, we introduce the DP.
The Dirichlet process
The DP is a stochastic process defined over a measurable space (Θ, B) [? ] and it is a random probability measure on a space of distribution functions, i.e. a drawn from a DP is a random discrete distribution, it depends on a scaling parameter β > 0 and a base distribution H over Θ; the density of H will be indicated with h(·). By definition G is DP distributed with parameters (β, H), i.e. G|β, H ∼ DP (β, H), if for any finite partition
where Dir(·, ·, . . . , ·) indicates the Dirichlet distribution. Since
where B(·, ·) is the beta distribution, mean and variance of G(A) can be easily computed:
From (1) we see that H is the expected shape of G while β controls the degree of variability.
[? ] gives an explicit representation of G, that is called the stick-breaking process or stick-breaking
where δ · is a point mass function, {τ k } k∈N is the set of weights and {θ k } k∈N the set of atoms of the DP. Notice that τ k > 0, k∈N τ k = 1 and G is then a discrete distribution. Sets {τ k } k∈N and {π k } k∈N are often written as {τ θ k } k∈N and {π θ k } k∈N to stress their connection with the DP atoms {θ k } k∈N . For computational purposes [see for example ? ? ] a drawn from a DP is frequently parametrized using
. The discrete nature of G, with its countably infinite atoms and weights, makes the use of the DP convenient to extend semi-parametrically mixture-based models, where the couples atom-weight are potential sets of parameters (the atoms) and mixture probabilities (the weights); details can be found in [? ] 
The model of [? ]
In this section we introduce the hierarchical model of [? ] . Let y = {y t } T t=1 be an observed time series. At the first level the conditional density of y t |{y j } t−1 j=1 1 is assumed to depend on a vector of parameters 1 We assume {y j } 0 j=1 ≡ {∅}.
θ st ∈ Θ, indexed by a discrete latent random variable s t ∈ {1, 2, . . . , K * } that indicates the regime membership, i.e. if s t = k then y t belongs to the k th regime; notice that θ st ≡ θ k if s t = k. At the second level {s t } T t=1 is a Markov process, with starting point s 1 = 1, ruled by a K * × K * constrained one-step ahead transition matrix
Since the lower diagonal elements of P are zeros, a regime left cannot be visited again. Let f (·) indicate a density function and I(·, ·) the indicator function, we can then write
where it is assumed that s t ∈ {k, k + 1} if s t−1 = k.
[? ] assumes beta distributions with the same set of parameters for all the elements of P and then, letting H be a prior distribution, the model can be written as
The model described above can be seen as an HMM with constrained transition matrix. The number of rows of P , that is equal to the number of regimes, must be set a priori (see equation (3)) and an off-line procedure is needed to assess the value of K * . With our proposal we are going to extend the model of [? ] allowing an on-line model choice.
The semi-parametric extension
Our extension starts with the introduction of an equivalent specification of the model of Chib that is obtained by substituting the latent process {s t } T t=1 with {ψ t ∈ Θ} T t=1 , assuming the following time evolution:
assuming
Notice that equations (4) and (5) are equivalent to equations (6) and (7) since f (ψ t = θ k |ψ t−1 = θ k ) = f (s t = k|s t−1 = k ) and ψ t = θ k if and only if s t = k.
Semi-parametric extensions for mixture-based models are generally defined by taking K * → ∞ and assuming a DP based prior for the probability structure of {ψ t } T t=1 [see for example ? ? ? ]. Here we propose the following. First notice that each row of P θ sums to 1, i.e. is a vector of probabilities, with only two non-zero values. We assume G = ∞ k=1 τ k δ θ k ∼ DP (β, H) and we define distributions G θ k 's, with k ∈ N, as follows:
In our model G θ k is used as distribution for the k th row of P θ . Notice that
is equal to the beta distributed weight π k (see equation (2)), and then (8) can be written equivalently as
where by definition, see Section 2.1,
We have then distributions based on the DP, one for each row of the infinite-dimensional transition matrix P θ . Notice that the atoms in the regimes are tied by construction, i.e. the atom of [P θ ] i,i+1 is equal to the one of [P θ ] i+1,i+1 . We can then write
The model is then
or, introducing the discrete time series {s t } T t=1 , it can be equivalently stated as
This model is an infinite-dimensional extension of the one shown at the end of Section 2.2. As in the standard DP based mixture models, the number K of unique values that ψ (or s) assumes, is used as an estimate of the number of segments of the observed time series. Notice that H acts as the prior distribution of θ k .
The MCMC algorithm
From equation (9) and matrix P θ we see that regimes are visited in increasing order, e.g. after regime k, regime k + 1 is visited and this can produce an inefficient MCMC algorithm. Then, to avoid the problem, we marginalized over the vector of DP weights. This strategy is often adopted [see for example ? ? ? ] since the resulting process defines a prior over a partition of the data that no more depends on the labels. Let n
, that is the number of self-transitions in the i th regime between time j and j . After marginalization we obtain the following for the dynamic of s t :
We want to remark that now regimes are visited in increasing order only to simplify the notation, but any regimes re-labeling are equivalent. The conditional distribution of s t depends on the count n 1:(t−1) k and parameter β and the process s t is no more Markovian. The probability of s t = k|s t−1 = k, s t−1 , . . . , s 1 , β, i.e. s t assumes the same value of s t−1 , increases with n 1:(t−1) k meaning that, if at time t an observation is allocated to the previously observed regime k, at time t + 1 the probability to belong to the same regime increases; i.e. the process has the self reinforcement property [? ] . Parameter β can be interpreted noticing that when there is only one observation in the k th regime, i.e. n 1:(t−1) k = 0, the odd to move to a new regime at time t + 1 is β.
Under this setting the MCMC updates of β and θ k are simple and we show, in the next paragraphs, how to implement them. The update of {s t } T t=1 will be discussed in more details since it needs to be more carefully implemented to obtain and efficient algorithm.
The update of β Let f (β) be a prior distribution, then the full conditional of β is proportional to f (s 1 , . . . , s T |β)f (β). Using (11) we can find that
(1 + j)
and using relation a(a + 1) . . . (12) can be expressed as
6
The full conditional of β is then
To the best of our knowledge, there is not a prior distribution f (β) that let us express (14) in a closed form from which sampling is easy and a sample of β must be draw using a Metropolis-Hastings step.
The update of θ k The full conditional of θ k is proportional to
The functional form of (15) depends on how we specify f (y t |{y j } t−1 j=1 , θ k ) and H. As an example, if 
The update of {s t } T t=1
It is generally preferable to update jointly as many random variables as possible [? ] . Unfortunately, we are unable to find a way to sample from the joint full condition of {s t } T t=1 and then a different approach must be used. A simple solution is the univariate update of each component s t but, experimenting with simulated data, we notice that this leads to unsatisfactory results in terms of MCMC chain mixing since, for example, redundant states with similar θ k 's are created and the distribution of K is generally entirely concentrated on a single value. We solved the aforementioned problems by combining the univariate update with other updates:
• the split update (or birth move) -we propose a new change point at time t;
• the merge update (or death move) -we propose to merge consecutive regimes.
At each MCMC iteration only one of them is performed, choosing randomly with assign probabilities. We assume that before the MCMC update of s t is performed, it have value k and, to simplify notation, after each MCMC step regimes are relabelled so to s 1 = 1 and s t ∈ {s t−1 , s t−1 + 1}.
The single-component update Let n
, i.e. the number of self transition in the i th regime without taking into account transitions that involve s t , and let * indicates a new regime. We have to sample s t only if s t = s t−1 or s t = s t+1 , otherwise s t = s t+1 = s t−1 with probability 1, then
• with probability proportional to
• if t = 1, s t can be equal to s t−1 with probability proportional to
• if t = T , s t can be equal to s t+1 with probability proportional to
• if n 1:T k = 0, then s t−1 = k = s t+1 , and s t can be equal to k with full conditional
The split update Let S − = {s t : s t = k, t < t} and S + = {s t : s t = k, t ≥ t}, let n S− and n S + be the number of self transitions in the two subsets and let
• s t = k for all s t ∈ S − ∪ S + with probability
• s t = * for all s t ∈ S − and s t = k for all s t ∈ S + with probability
• s t = k for all s t ∈ S − and s t = * for all s t ∈ S + with probability
Merge update Let S j = {s t : s t = j}, then, for k = 1, . . . , K:
• s t = * for all s t in S k with probability
• if k = 1, then s t = k − 1 for all s t in S k with probability
• if k = K, then s t = k + 1 for all s t in S k with probability
• s t = k for all s t in S k with probability
MCMC mixing is improved if, choosing randomly, the univariate and split updates are performed starting from the first to the last time or from the last to the first. .
Examples
In this section we compare the results of our model with the ones of [? ] and [? ] on simulated datasets and real ones. Using simulated datasets we test the ability of the models in recovering the right number of latent regimes and parameters, then the models are estimated on a standard change-point problem, that is the number of coal-mining disasters, and on the radon data. We implement the model of [? ], introduced in Section 2.2, assuming prior (10) for the transition probabilities and the same priors over β and likelihood parameters as the one of our proposal; model choice is performed using BIC. The model of [? ] , with respect to our approach, starts from a different specification of the latent process s t (for details see the Appendix) with
that reduces to our specification if α = 1, see equation (11). Then, in this section, the model of [? ] is implemented using the MCMC algorithm that the authors proposed, assuming α = 1 and under the same priors over β and likelihood parameters of our proposal. In all the examples posterior inference is carried out using 130000 iterations, burnin 80000 and thin 10, using 5000 posterior values for inferential purposes, with an half normal prior for β with variance parameter σ 2 β . We chose between the single component, split and merge updates with probabilities respectively equal to 0.5, 0.25 and 0.25, while with probability 0.5 we perform the univariate or split update starting from the first to the last time. We indicate our proposal as Model1, the model of [? ] 
Simulated data
We simulate datasets under two schemes, both with T = 1500, 7 regimes and assuming conditional independence between the y t 's and with Y t |θ k ∼ N (µ k , σ 2 k ). In the first set the change points are ξ = {ξ k } = {50, 250, 650 750, 1000, 1400, 1500}, and the parameters are µ = {µ k } 7 k=1 = {0, 5, 2, −2, 0, 2, 10} and σ 2 = {σ 2 k } 7 k=1 = {1, 2, 1, 0.5, 1, 3, 5} while in the other ξ = {50, 250, 900, 950, 1100, 1400, 1500} with µ = {0, 5, 2, 2, 2, 2, 10} and σ 2 = {1, 2, 1, 0.1, 1, 15, 5}. For each scheme 100 datasets are simulated; two examples of simulated time series, one for each scheme, are plotted in Figures 1 and 2 .
The set of parameters of the first scheme are chosen so to have regimes of short (1 and 4) and long (3 and 6) length, overlapping distributions on adjacent regimes (2-3 and 4-5-6), well separated ones (1-2 and 3-4) and different values of variability. In the second scheme we are mainly interested in the evaluation of how the models behave when a short regime (the forth) is in between two regimes (the third and fifth) that have the same density parameters. We assume a normal prior for µ k with 0 mean and variance 1000, while the prior over σ 2 k is inverse gamma with shape and rate parameters both equal to 1. Here σ 2 β is set to be 1000 and through a simulation we evaluated that it induces a prior over K that puts the central 90% of probability mass between 741 and 1477. For Model2, we estimated model with K * ∈ {4, 5, . . . , 10}.
First scheme Under our proposal the maximum a posteriori (MAP) estimate of K is 7 in 96 datasets, in 3 is 8 and in 1 is 9. We measure the agreement between the true partition and the one found by our model, i.e. the MAP classification,through the Rand Index (RI) [? ] , that is an index that ranges between 0 and 1, with 0 indicating that the partitions, the true one and the MAP, do not agree in any pair of points and 1 in case of perfect agreement [for details see ? ]. Among datasets, the minimum value reached by the RI is 0.986 and in 27 of them is exactly 1. Model2 identifies 7 regimes in 99 datasets and 8 in 1, with minimum RI equal to 0.969, that is lower than the one found by our model, and it is exactly 1 in 27 datasets. On the other hand, Model3 identifies always 1 regime and we will give a justification of this result in the Appendix. For Model1 and Model2 we show in Tables 1 and 2 Second scheme Under Model1, the MAP estimate of K is 7 in 75 datasets, while is 8 in 6, 9 in 1, 6 in 1 and 5 in 17. As in the first scheme, Model3 identifies always 1 regime while Model2 estimates 7 regimes in 23 datasets and 5 in 66. As we expected, when a posterior sample of K is 5, regimes 3, 4 and 5 are generally merged. In terms of RI Model1 and Model2 have similar minimum and maximum values, i.e. for both the maximum is 0.999 while Model1 has minimum 0.717 and Model2 0.714. The main difference is in the distribution of the RI across simulated datasets, since our proposal has median RI that is equal to 
Coal-mining disasters
Our first real data application is devoted to the analysis of one of the most analysed dataset in changepoint literature [see ? ? ]; the annual number of coal-mining disasters in Britain, during the period 1851-1962. Here y t ∈ N, θ k = λ k and, following [? ], we assume f (y t |{y j } t−1 j=1 , λ k ) = f (y t |λ k ) with Y t |λ k ∼ P ois(λ k ). The data are plotted in Figure 5 .
We assume λ k ∼ G(2, 1) while the variance parameter of the half normal prior on β is set to 0.1 and, again through a simulation, we evaluated that this induces a prior over K that puts the central 90% percent of total mass of probabilities between 1 and 10. On this dataset the Model2 is tested with K between 1 and 4.
The MAP estimate of K is 1 under Model3, i.e. there is not a segmentation, while Model2 chooses K = 2 that is also the value found in [? ] . Our proposal has MAP estimate of K equal to 2 and the associated posterior distribution is showed in Figure 6 . We wanted to point out that since our proposal has a non-parametric specification of the latent allocation structure, it is not surprising that with little data, as in this example, the posterior of K has a lot of variability.
For Model1, posterior mean estimates of λ 1 and λ 2 areλ 1 = 3.045 andλ 2 = 0.923 with, respectively, CIs [2. 
Indoor radon data
Radon is a colorless and odorless inert noble gas generated by the radioactive decay of Radium (Ra226) in the decay chain of Uranium (U238) Here we show some preliminary results that prove the ability/potentiality of the model in the segmentation of a radon time series. As said in the beginning of this section, radon data presents a daily periodicity that is stable in time [see ? ]; in other words changes in the time series do not affect its amplitude. This characteristic of the radon data cannot be expressed in our model which assumes that all parameters change between regimes and then, prior to the model fitting, we decompose the time series into seasonal, trend and irregular components using the approach of [? ] , implemented in the stl function of R and the (daily) seasonal component is subtracted to eliminate the periodicity. The resulting time series has mean ≈5080.515 and variance ≈1124047 and, to avoid possible numerical stability problems that such large numbers may raise, we standardize the data; the resulting time series is plotted in Figure 7 . To take into account changes in mean level, variance and temporal trend the following is assumed:
. Parameters µ 0,k and µ 1,k have normal priors with 0 mean and variance 1000 while σ 2 k ∼ IG(1, 1). In this example T is 1500, as in the simulated ones, and then we use the same prior on β.
A posteriori, Model3 estimates only 1 regime while our proposal put 99% of the mass of probability on K = 8 and the remaining on K = 9, the posterior means and CIs of parameters and change points can be seen in Table 5 while Figure 7 shows the MAP classification. Model2 estimates 8 regimes. The main differences between our proposal and Model2 can be seen in the estimates of parameters and change points of the first two regimes, see Tables 5 and 6 
Discussion
In this work we proposed a semi-parametric formalization of the standard change-point model of [? ] . In our extension, the first order latent Markov process, ruled by a constrained one-step transition matrix, is substituted by a stochastic process based on the stick-breaking representation of the DP. We suggested to draw samples from the posterior distribution using a marginalized version of the proposed model and we showed how to compute the full conditionals needed to implement the MCMC algorithm. To asses the ability of the model in recovering the number and locations of change points, we used simulated examples. Then we make inference in one of the most analysed dataset in the literature and on a new one. We showed that our proposal outperformed the ones of [? ] and [? ] in terms of change points estimates. The future will find us enriching the model including covariates information and modelling multiple time series subjected to individual and concurrent shifting in their features. We will also use the model to analyzed a longer times series of radon data to possibly acquire an early signal of major earthquake [? ] noted that, if s t = k and s t+1 = k + 1, then s t+2 will jump with probability 1 to a new state. To avoid the problem a self-transition mass α ∈ R + is introduced and (16) is modified as
The model formalization The authors state that, as K * → ∞, each row ofP follows a DP. Since the DPs are independent it is not clear how the rows share the same set of DP atoms since there must be a way to tie them as in the hierarchical Dirichlet process of [? ], i.e. the atom associated to π ij , with j ≥ i, must be equal to the one of π hj , for all j ≥ h. This was also the problem of the infinite hidden Markov model of [? ] , that is close to the proposal of [? ] , but then the work of [? ] shows how to solve this problem.
The joint density of {s 1 , . . . , s T |β} Equation (17) 
(18) is different from our (13). Equation (18) implicitly assumes the existence of a new observation at time T + 1 belonging to the (K + 1) th regime, and if we multiply (13) by f (
, we obtain (18). probability that two regimes can be merged (see the results of the second scheme in Section 4.1) and then, if we run the algorithm for enough iterations, eventually this will happen and the number of change points decreases with no possibility to increase again. As a consequence, as the iterations go toward infinity, the number of regimes tends to 1. This last consideration explains why in the examples of Section 4, the algorithm of [? ] finds always 1 regime. 
